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The problems with using Cp. indices for components to control the capability of an assembly process are
well known. Suppliers of components may, for example, actually decrease the yield of conforming product

at assembly by raising their own Cpy's. We present formula relationships which link component capability
indices (Cp, Cpm, Cpi) and specifications at the supplier level with capability indices and specifications
at the assembly level. The minimum level of Cp (representing a bound on yield) and the minimum Cprm,
(representing centering on target) at the assembly level are derived.

Introduction

ANUFACTURING processes produce characteris-
tics that are often measured in order to deter-
mine that these processes conform to process specifi-
cations. We will consider the common case in which
lower and upper specification limits (LSL, USL) are
evenly spaced on either side of the target value and
the measured characteristics have a normal distribu-
tion with mean, g, and standard deviation, o. A
measurement is conforming if it falls within the spec-
ification limits. There are various capability indices
that are used to describe the performance of a pro-
cess relative to the specification limits. The two most
common ones are Cp, and Cpg, although there is in-
creasing support for Cp.,, which is now usually in-
cluded in statistical quality control software. The
first two indices are defined as follows:

USL - LSL
C, =222 2P
p 60 (1)
. (USL—p p—LSL
Cpk—mm( 55’ 3o >

We will consider the common case in which the target
value, 7, is given by
L L
o LS ;—US ' @)

The assumption of a centered target in Equation (2)
is the most common case in practice and is the as-
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sumption in the preceding work of Boyles (1991).
When the target is not in the middle of the specifica-
tion limits, various anomalies occur in the relation-
ships between indices (Kushler and Hurley (1992)).
This situation would be particularly undesirable in
the type of application (assembly) we are discussing
because prediction of assembly performance from
component indices would become impractical. In this
case, it can be shown that

B 28]
Cok = (1 T USL-— LSL) Cr
1(USL — LSL) - |4|
3o !

3)

where § = p — 7 is the “off-centering” of the process.

Basically, C, compares the 60 spread of the
process (which in the normal distribution contains
99.73% of measurements) to the tolerance spread
(specification range). For example, C, = 1 means
that if the measurements are from a normal distribu-
tion and if the process can be centered at the target,
then § = 0 and 99.73% of the measurements will be
conforming. Thus C), is thought of as the potential
capability of the process. The related quantity Cpx
is an attempt to incorporate the off-centering of the
process with respect to its effect on the proportion
of conforming product. As is seen in Equation (3),
the presence of a nonzero J makes the Cp lower than
the Cp.

It can be shown (Boyles (1991)) that the lower
bound, Y7 5, on the proportion of product conform-
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ing (yield), Yy, is
Yig = 20(3C) - 1, (4)

where ® is the standardized normal cumulative dis-
tribution. When the process is centered and § = 0,
one obtains Cp, = Cpi and Yy = Yy 5.

An alternative approach to incorporating the ef-
fects of off-centering is the Cp,, capability index,

where
USL - LSL

6vo?+ 02’ 5)

which can be interpreted in terms of the Taguchi
loss function (Johnson (1992)). This index is also
discussed in Boyles (1991) and Spiring (1991). The
effect of § can easily be seen by comparing Equa-
tions (1) and (5).

Com =

Given our assumption in Equation (2), the follow-
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ing interrelationships can be derived:

1 C, \?
Cpk:Cp“g\/<C—p> -1, (6)
pm

Cp
- \/1+9(Cp ~Cpk)2. ™

Note that C, > Cprm and Cp > Cpi.

pm

The relationships in Equations (6) and (7) are il-
lustrated in Figures 1 and 2, which provide valuable
insights into the nature of these indices. For example,
in Figure 1 it is seen that C, = 2.8 and Cpr = 1.8,
both “high” values of these indices, give a Cpm of
only 0.9. This is because C, and Cpy are essentially
concerned with the yield of a process, not centering
on target. A C}, value substantially higher than the
Cpr indicates that the process is considerably off-
center from the mid-point of the specifications.

FIGURE 1. Cp as a Function of C}, for Given Cpm.
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FIGURE 2. Cpy, as a Function of Cp, for Given Cpy.

This point is made in a slightly different way in
Figure 2. For a given Cp, Cpm reaches its maximum
at Cp = (chk +1)/(9Cpk). Almost invariably, if C,
is raised while holding Cp constant, the result is a
drop in Cpm. As we shall see, this could have unfor-
tunate effects on the yield of the assembly process.

Although indices such as these are being increas-
ingly used (Barnett (1990) and McCoy (1991)), there
is considerable concern that they may also be mis-
used (Nelson (1992) and Gunter (1989)). One ma-
jor concern is the robustness of the normality as-
sumption (Bates and English (1991)). Another con-
cern is that practitioners may not adequately take
into account the variability of the sample statistics
by which these indices are estimated (Pearn, Kotz,
and Johnson (1992) and Kushler and Hurley (1992)).
Overviews are given in Rodriguez (1992) and Porter
and Oakland (1991).

A third concern is that the Cpr index may be
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dangerously inadequate in assuring process centering
in components of a more complex assembly (Boyles
(1991)). It is this problem that this paper attempts
to address. Although we deal with several processes
at once, we are not using multivariate process ca-
pability indices in the sense described, for exam-
ple, in Chapter 5 of Kotz and Johnson (1993). We
link the univariate capability indices measured at the
component processes with the capability indices at
the process where these components undergo ran-
dom assembly (DeVor, Chang, and Sutherland (1992,
page 269)). The processes are thus uncorrelated.

This paper does not deal with two issues of con-
cern in the literature on indices cited above—the ef-
fects of non-normality and the problems of estima-
tion of indices from samples. These issues are not
within the scope of this paper. However, a primary
purpose of our analysis is cautionary, and these com-
plications would urge even more caution.

Journal of Quality Technology



ozu MAHMUT PARLAR AND GEORGE O. WESOLOWSKY

In the next section, we establish notation for an
assembly process which may be, at least approxi-
mately, described by a linear function of n compo-
nent processes. Then a simple numerical example
illustrates the notation and shows how setting stan-
dards and capability indices for suppliers (compo-
nents) may lead to unfortunate consequences on the
yield of the assembly process.

We then develop explicit formula relationships
linking process specifications and capability indices
for component suppliers to either a minimum level
of Cpy or a minimum level of Cp,, at the assembly
process (assuming random assembly). In the first
instance, the goal is a minimum level of yield at as-
sembly; in the second instance, the goal is a well-
centered process which, in turn, may be a component
for a higher level of assembly. The appropriate goal
in any given instance could be a matter of contro-
versy. The analysis uses Cp,,, indices for suppliers.
It is possible to use a combination of C}, and Cpy
indices for this purpose (using Equation (6) to find
an equivalent combination), but, as will be discussed
briefly, this could be somewhat risky. We present
numerical examples for the n = 2 and n = 3 cases.

A Formulation for a Multi-
Component Assembly

Let

Xo=ao+ ZaiXi (8)
i=1

be an assembly function, where X is the measure-
ment on the final assembly and X; is the measure-
ment on component ¢ for ¢ = 1, ..., n. Actually,
X could be a nonlinear function of X;’s for i > 0;
then Equation (8) could be a linear expression de-
rived from a first-order Taylor approximation (Boyles
(1991)). Without loss of generality for our analysis,
we can assume that ag = 0.

We assume that each X; has a normal distribution
and that the target value for each process is the cen-
ter point of its specifications. Let LSL; and USL; be,
respectively, the lower and upper specification limits
on X;, and let the range be R; = USL; — LSL;. De-
note the mean and standard deviations of X; by p;
and o;, respectively, and let

T = %(USIM + LSLl),

where d; = p; — 7; is the off-centering of component
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i. It follows that

n
Ho = Z ailbi
i=1

apg =

n
50 = Z aiéi.
i=1
The Cy, coeflicient at component ¢ is given by

(1) _ _ 6] () _ Ri/2— |04
i = (1 Ri/2> G = 30,
where
R

() _
i) = o

A lower bound on Yd(o), the yield of assembled prod-

uct, can be obtained from the Cz()z) index by employ-
ing Equation (4).

Controlling Components
With C,;: An Example

As has been pointed out by Boyles (1991) and
others, specifying only Cpy, for suppliers may lead to
difficulties. Consider a simple hypothetical example
in which two components are joined together (e.g.,
two washers used as a spacer). Hence, n =2, a; =1,
az = 1, and, by Equation (8), Xo = X1+ X,. Assume
01 = 02 = 0.001, Ry = Ry, = 0.006, and Ry =
0.008485. Also assume that initially both suppliers
of washers have their processes centered between the
specification limits (i.e., ; = 2 = 0). Then

oo = +/0.0012 + 0.0012 = 0.0014142,

and, substituting into Equations (1) and (3),
(0) 1) (2 _
c® =100, =100, C2 =1.00.

Using Equation (4) to calculate the yield at the as-
sembly stage and at each component stage, we obtain

Y =20[3C()] -1=0.9973 fori=0, 1, 2.

Now suppose that the supplier of Component 1
discovers a method to reduce the process standard
deviation of Component 1 to 0.0001, giving Cp, = 10.
The required Cz(;c) = 1 can now be met with a lower
M3, resulting in a savings in material. Solving 1 =
(1 — [61] /0.003)10, this supplier gets §; = +0.0027
and so reduces the thickness of the washer by 0.0027.
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However, calculating the Cpy, for the assembly stage
and using Equation (3), we find

© 0.0027

= 1 —

Con ( 0.008485/2
=051,

0.008485
6+/0.00012 + 0.0012

which would not generally be considered an accept-
able Cpy, for a process. This example illustrates the
pitfalls of trying to control suppliers with Cp, when
dealing with an assembled product.

Predicting Assembly C,;
from Component C,,,

An alternative to Cp, that has been recommended
for situations such as the one described above is re-
quiring component processes to maintain a specified
Cpm (in addition to specified specification limits),
where

Ri

6+/0? + 07

We now formulate Cs,i) in terms of R; and C,(f,L for
i = 1,...,n in order to establish a lower limit on
Cffi’ in terms of the C;(,QL, which are the specification
limits for the suppliers.

C’Zgl%: fori=1,...,n.

From Equation (5), we obtain, for each component
process,

2 _ (3) ¢ 12 )
o? = EM for |6;] < R(l.) . (10)
[6Cpm]? 6Cpm

Note that if |6;| > R;/ [601(,2%], the process could not
meet the Cp,, requirement—even with o; = 0.

Substituting Equation (10) into Equation (3), we
obtain
n

Z a;0;

=1

n (i)
o [ R2—[6CL) 5,)2
3 2 ag < 1 _l m.Y7 )
(%) 2
i=1 v [chm]

Ro/2 —

0) _
Cp =

(11)

This is the Cpy at the assembly stage. Its value de-
pends on the §;’s at the component suppliers. For
example, if the §;’s can be made zero, then the rela-
tiopships are relatively simple; that is, Cz(,l) = CZEZ) =
C,(,Ql. Then

R

0 0

ng ) _n_z—“ 7-(.2’
i=1 [Clz(;i)]lz

and
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n 2 D2
a; R

Ri 1 R?
G laly 167 Z "1

The latter relationship means that if the specification
limits R; of n — 1 components are given, the remain-
ing one which is required to produce the specified
C,EP) can be found.

The question we ask is: What is the consequence
on the assembly process if the suppliers “do their
worst”? This is not a suggestion that they should; it
is an attempt to find a lower bound on the yield at
assembly.

Let
_ : 0)
Chin = 6117111‘1.% C;(;k .

Direct minimization using extreme conditions yields

Result 1:
> aiR? | ] [Chm)?
1971 o
Roa; [ [Conl?
j=1

Note that, as can be seen from Equation (11), if A* =
(67,...,8%), then —A* is also a solution.

' n
Now, substituting Equation (12) into Equa-
tion (11) gives

Result 2:

OR3 LTICm2 = n 3 aiR? | TTICHE
=1

=1 = j=
Z

[
o

min —

3|2 |a2R2 | [][CEn2
=1 i=1
kE)

(13)

The relationship in Equation (13) can be used to set
specification limits and Cp,,’s for component suppli-
ers. Rearranging, we have

Result 3:
o=} [] (C)2
j=1 n n
i 2152 (t)
Ri _ i 3,
Cim al TT ¢
i 11,64 ”
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This means that if the assembly process is given a
value for minimum acceptable Cpy (i.e., Cinin), then
Equation (14) enables one to set the specifications
versus Cp, tradeoffs for component process j, pro-
vided the specification limits and Cp,’s for the other
components are known.

It should be noted that Result 1 provides an un-
constrained minimum. In other words, it is possible
that 6} violates the constraint |d;| < R,/ [60},17,)1] in
Equation (10). This generally occurs if a; is very
small. However, an unconstrained minimum is al-
ways as small or smaller than a constrained mini-
mum. Therefore, if we set requirements according to
Cmin, We are guaranteed a value of C at assembly at
least as large as this. The quantity Cm;, is therefore
a lower bound on the minimum of Cz(ag)' Incidentally,

we can check whether for every i, |67 < R;/[6CSl;
if this is true, then our bound is “tight.”

A special case is when the Cp,,’s and R’s for each
component process are to be the same, in which case
we obtain

Ri _ 3Ro L i=1,...,n (15)

Chin n
P ‘1a§w/n+90§in

J

Predicting Assembly C,,
from Component C,,

Instead of designing specification limits and Cp,
requirements for the components to assure a mini-
mum level of CI()? (Cpr at assembly), we could set
the assembly requirement in terms of C,g%. Control-
ling assembly centering instead of yield is a more
“Taguchi-correct” concept. Also, the assembly pro-
cess could itself be a component for a following pro-
cess.

Substituting Equation (10) into Equation (5), we
obtain

Ro

) 2"
o [ R2-[6CSME:)2 -
(VE%<WHW_‘%§W&

(16)

(0) _
cl) =

The value of the Cp,, at the assembly stage also
depends on the §;’s at the component suppliers. We
again investigate the worst possible consequences on
the assembly process.
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Let
: 0
Cmin = 5 min i
Analysis of the derivatives of C;‘,’,{ with respect to
the d;’s shows that the minimum is achieved in the
somewhat improbable case in which the component
processes have all been reduced to zero variance and
thus have maximum off-centering. In other words,

the constraints in Equation (10) give the magnitude
of the é;’s.

Result 4:

The minimum value (,in occurs when

< . Rz
61' = Slgn(ai)m .

pm

Substituting this result into Equation (16) gives

Result 5:

Ro [ Cz(;f%
C - i=1

\/RC + 3 a2R? [ [CY?

<

[,
-

where
n n n
RC=2)" " labj|RiR,CiO.C) ] 1681
i=lj=itt ey
We can again state the requirements on compo-
nents in terms of (i, and the requirements on the
other suppliers as

Result 6:
n
Ri _ 1 Ro _ij[aj[
CZ(),;’T)’L [a;] \ Cmin gf C;(;?%

Like Result 3, Result 6 can be used to give require-
ments to the component processes, but this time to
control the Cp,, at the assembly process.

Example

The following hypothetical and simplified example
illustrates the preceding analysis. A milled slot has
two metal inserts, as shown in cross-section in Fig-
ure 3. The specification limits for the slot width are
currently 3.0 £ 0.006 inches. The specification limits
for the inserts, which are of different materials, are
1.1 £ 0.003 and 1.8 +0.004 inches. The C, for both
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< 3.0m.——>

1.1 in—>*«— 1.8 in.—»

FIGURE 3. A Slot and Two Inserts.

the slot and the inserts are to be 1.1. The spec-
ifications for the clearance (the difference between
slot width and combined insert widths) is 0.1 £0.008
inches. Normality is assumed for all processes.

Let Xo be the clearance, X; be the slot width,
X5 be the width of Insert 1, and X3 be the width
of Insert 2. Thus, Xg = X7 — Xo — X3, a1 = 1,
as = —1, and a3 = —1. By our notation, Rg = 0.016,
Ry = 0.012, R, = 0.006, and R3 = 0.008.

Since C, = 1.1 for all three processes, it fol-
lows from Equation (1) that o; = 0.0018182, g2 =
0.0009091, o3 = 0.001212, and hence, by Equa-
tion (9),

o9 = sqrt{12(0.0018182)2 + (—1)?(0.0009091)*

+(~1)2(0.001212)2}
= 0.00237.

If all three component processes are centered, then
8o =0 and C{}) = 0.016/[6(0.00237)] = 1.13.

Suppose now that the only requirement on the
three component processes is that they maintain
Cpm = 1.1. That is, they are free to off-center their
processes provided that the process variance is de-
creased sufficiently so that this C,, is maintained.
We can use Equation (13) to calculate the “worst
possible” Cy,; for clearance.

For the case where n = 3, Cyin of Equation (13)

Vol. 31, No. 3, July 1999

becomes
s ORCHICEPICH
- 3{afRE[CIR I
+ a3 RE(Chm *(Com)®
ARSI
« |3 san{ s e
+ a3 R [Cim*[Cim)
+aRYCIPICE? |
Substituting our parameters, we obtain
Crin = sqrt{9(0.016)2(1.1)6

—3[12(0.012)%(1.1)*
+ (=1)%(0.006)(1.1)*

+(1)2(0.008)2(1.1)4]}

x [3 sqrt{12(0.012)2(1.1)4

+ (=1)%(0.006)(1.1)*

+(—1)2(0.008)2(1.1)4H
=0.9675.

To check if our bound is tight, we can calculate
that |6;] = 0.0007002 for all i. Also,

R Ry
ﬁ =0.0018, —75 =0.000909,
6C 6C%%)

and 2 —0.001212,
C(S)
pm

Therefore, in this example, Cp;, is a tight, or possi-
ble, lower bound.

In order to ensure that the Cp; at assembly is at
least 1.1, the specification limits and/or the Cp,, at
the components must be reconsidered. Let us assume
that the variance in the slot milling process can be
improved. Applying Equation (14),

Ry 1 {97%2[0;7%1 [CSIT?
. aCmc) 349G,

_ZRACHP - aﬁnﬁ[cf,?m?}
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! 9(0.016)2(1.1)*
BEUBICA Sqrt{ 3+ 9(L.1)2

—(—1)%(0.006)%(1.1)% — (—1)2(0.008)2(1.1)2}
= 0.009123,

and hence the new width of the specification limits
R4 should be (0.009123)(1.1) = 0.0100.

If this were a case where the specification limits
for all three component processes were to be changed
and made equal, then, by Equation (15),

Ri 3Ry
e o,
? Z a’? \/n + gcmin
=1
_ 3(0.016)
V33 +9(1.1)2
= 0.007436

and R1 = Ry = R3 = 0.00818.

We now turn to our alternative criterion at assem-
bly, namely, Cp,. If all three component processes
are centered, then Cp,, = 1.267, which is the same
as Cp. We also have

e — ReComCinCim
e VI +T;
where
Ty = 2aya| RiR2CIACSAICII]?
+2aras| R1R3Cy [CR]PCR)
+ 2 |azas| RaRa[CH1PCR 08

Ty = a}RICECE? + a3 RICICEN?
+ a3 R3[CLIC).

Substituting, we obtain (i, = 0.677, which is con-
siderably below the “centered” value of 1.267.

Suppose that the requirement for (i, is 1.1. We
can use Result 6 to investigate what changes to com-
ponent specifications should be made. For example,
consider the following slot process:

Rl :L RO _zn:leaﬂ
CZ(T}T)L |0’1| Crmin =2 C;(ajrr)L

_ 10016 0.006/-1] 0.008|—1]
1\ 11 1.1 1.1
=0.001818,

which gives R; = 0.002, a much smaller value than
the current one of 0.012. It could be advisable to
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tighten the requirements at the other components so
that the slot requirement would not be so strict.

Concluding Remarks

This paper has given a relatively simple method
for determining specification limits and process ca-
pability indices for component suppliers in terms of
either a desired Cp, or Cp,, at the assembly pro-
cess. Although the capability indices specified for
the component processes are Cpn,’s, they could be
transformed into equivalent C, and Cpy indices us-
ing Equation (6). In this case it would be imperative,
however, that the Cy, indices are the actual indices for
the process. If the requirement for a supplier called
for a C}, of 1.3 and a Cy;, of 1.3, for example, then
a Cp = 1.5 would not be “better” because it could
allow off-centering to a degree that would lower the
yield or lower the Cp,, at the assembly process.
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